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Abstract

We investigated the properties of a transfer mdtixhe formulation of forward problem of
electrocardiography, assuming the multiple dipoleded of the generator of heart electrical
activity (multiple dipole heart model). We used giitar value decomposition (SVD) for
factorization of the transfer matrix, paying spéatention to its numerical null and signal
spaces. The possibility of inverse reconstructibrthe modeled multiple-dipole-equivalent
source model of the heart electrical activity wasded. We used the angle between the
source vector and its projection onto the transfatrix signal space as a measure quantifying
feasibility of finding the inverse solution.

Small ischemic lesions were modeled in selectedthegions by shortening the action
potential duration by 20%. The derived theoretreslults were tested for the multiple dipole
heart model representing small ischemic lesionatémt on the endocardium and epicardium
of modeled left ventricle.

It was shown that the theoretically best inverseiltedepended only on the formulation of the
source model. As predicted, the best inverse swwtias found for those lesions, which could
be modeled by the source generator with the largesgection to the signal space of the
transfer matrix.

1 Introduction

Presently, besides the classical 12-leads electioggams (ECG), body surface potential
maps (BSPM) recorded by multiple lead recordingtesys are available. Several model-
based methods are used to understand and intehgreheasured data. Various types of
models of heart and torso configuration have bemreldped. They can vary from simple
eccentric spheres [1] to realistically shaped haad torso geometry, constructed from MRI
scans. Similarly, the models of equivalent eleatacdiac generator have been described by
various approximations: a single dipole model, dtiple-dipole model, an epicardial source
formulation [2] or a transmembrane potential sodaceulation [3]. The forward problem of
electrocardiology concerns computation of body aef potential maps using the chosen
model of heart generator and a transfer matrix. tfdmesfer matrix is defined by properties of
the torso as a volume conductor and the methodwipatation of the surface potentials.
Regardless of the complexity of the model generatoe final set of forward problem
equations after discretization often yields a ImeguationA.s=p, whereA is the transfer
matrix, s represents the sources (heart generatorpatescribes the measured potentials on
the body surface [2],[4]. Forward simulations pdevian effective tool for the verification of
inverse reconstruction of equivalent model of eleagenerator from data measured on the
torso surface. In the case of linear forward mddehulation, solving the inverse problem
leads to the computation of inverse of the transfatrix A, which is usually non - regular),
so the problem is ill-posed [4]. Small noise in tmeasured data can cause considerable



changes in the inverse solution. Another problemas-uniqueness of the solution due to
positive dimensionality of the transfer matrix nsflace [5].

In this paper multiple dipole equivalent model loé tsource of cardiac electrical activity was
examined. The geometry of the heart ventricles avesytically defined by ellipsoids. Action
potential propagation was modeled using the cellalsaomaton principle. The possibility of
inverse reconstruction of multiple dipole model loéart generator representing small
ischemic lesions was investigated. In the invexdati®n, various levels of a criterion for
truncated SVD of the transfer matrix were studied.

2 Materials and Methods

2.1 Model of multiple dipole heart generator

In the used model, real geometry of heart was ceglaby its analytically described
approximation by parts of ellipsoids, which congdgt the ventricles and the epicardium [6]

(Fig.1).

Fig.1. Analytically described model of heart vecigs

The modeled heart volume was divided into Troobes, representing basic volume elements
for the simulation of electrical activation prop#ga. It was assumed that every element
consisted of the same type of cardiac cells witbdefined shape and duration of action
potential (AP). Five types of normal action potahtiuration, depending on the position of
the volume element in the myocardium were consdidrem 309 ms on the endocardium to
252 ms on the epicardium.

The spread of activation through the myocardium wasted from 7 starting points selected
according to the Durrer's investigations [7]. Thetiation progressed following the
principles of cellular automaton, i.e. in each tistep each element was activated from its
neighbour. The velocity of the activation spreadrinst endocardial elements was 3-times
higher, thus simulating the properties of Purkyfipees. In Fig.2, isochrones for modeled
normal activation in 3 cross-sections of the mydian are displayed.
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Fig.2. Isochrone maps for modeled normal spreatttvation in 3 cross-sections of
myocardium (H-horizontal, S-sagital, F-frontal).

In each time step an elementary current dipole seasputed as the result of the difference
between action potentials of adjacent volume elésmenhe modeled heart volume was
divided into 168 segments, which created the regulnultiple dipole generator [6]. The
elementary current dipoles belonging to each segmere then summed up and assigned to
a corresponding representative point in the grasetyter of the segment.

2.2 Forward simulations

For the forward problem solution, i.e. for the cartgtion of potential maps on the model of
human torso, we assumed that the modeled cardemtriel generator was inserted into a
realistically shaped torso. The torso created thentary between the volume conductor (the
body) and an outer non-conductive medium. We aisluded the lungs and heart cavities as
the main inhomogeneitiggig. 3). The conductivity of lungs was set to bemres lower and
the conductivity of blood in ventricles to be 3-@mhigher than the average conductivity of
the torso [8].
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Fig.3. The model of heart surface with ventricided with blood (left). Realistically shaped
torso and lungs used for forward simulations (fight

Assuming the above mentioned multiple dipole geerand applying the boundary element
method (BEM) yielded the linear matrix equation

A.s =p, (2)
where A is the transfer matrixs is the source vector ang is the vector of computed
potentials on the torso. The coefficients of trensfer matrix were computed separately for



each component of each dipole of the generatoringavmeasured pointson torso andn
segmental dipolesas generators, the dimensions of the componertteirquation were as
follows: A [n x (3m)] ,9(3m) x 1] ,p[n x 1].

Because of the simplicity of the model, we used rti@del only in situations where such
simplification may be appropriate, namely to magtelll ischemic lesions manifested during
the phase of repolarisation.

2.3 Multiple dipole model of small ischemic lesions

Our modeling and simulation of small ischemic lesiavas based on several assumptions:
First, we assumed, that local ischemic disease fessiitself by the changes of action
potential amplitude and duration. We modeled titisaion by shortening and lowering the
AP of the cardiac generator volume elements [9toBd, we assumed that these changes
cause typical baseline shifts in measured ECG kigapecially on the T wave. Time integral
of surface potentials over the whole QRST intedegdends only on the shape and amplitude
of action potentials and not on the activation sege. If we compute an integral map for a
normal activation and then for an activation chahgg ischemic disease, we can consider
their differenceAp (difference integral map) to be the manifestabbthe affected region of
heart [10], [11].

We created several ischemic lesions by shortetagAPs by 20 % in selected areas typical
for the stenosis of main coronary vessels (Fig.lé¥ion A — in the antero-septal part of left
ventricle near the heart apex (supplied by thedeferior descending coronary artrery, LAD),
lesion P — in the postero-lateral part of left viete close to the heart base (supplied by the
circumflex coronary artery, Cx) and lesion | — mde, in the mid postero-septal part of left
and right ventricle (supplied by the right coronastery, RCA). In each position we
simulated 3 sizes of subendocardial lesion (typ2s3L— from small to large transmural, and

also 1 small subepicardial lesion (type E).

lesion A lesion P lesion |

Fig.4. Simulated subendocardial regions with chdngg@olarization in the cross-sections of
ventricular myocardium model. From left to righttaro-septal (lesion A), postero-lateral
(lesion P) and inferior regions (lesion 1). Toprerital view, bottom - horizontal view. Three

levels of grey color represent 3 sizes of modek=ioh from small (light grey) to large

transmural (black) [9].

By solving the inverse problem we tried to recamstthe modeled lesion from the simulated
difference integral map. Computation of the differe integral map\p for the model by
subtracting the integral map for normal myocardagetivation pnorm) from the integral map



with ischemic areap(scr) is equivalent to computation of the differencepnfiar a difference
multiple dipole integral generatas, since by linearity of the transfer matrix

A.Sisch= Pisch,  A.Sorm = Prorm  @and AP = Pisch — Prorm,
we have
AP = A.Sisch - A.Siorm = A. (Ssch—Snorm) = A . AS (1a)
Wheres,orm represents the normal generator ggad represents the ischemic generator.

2.4  Singular value decomposition (SVD)

Matrix A represents a linear operator mapping the 3m-dilmealsgenerator space to the n-
dimensional integral map space. The most commdmigue for finding inverse solution to
the above matrix equation is SVD, which factori2emito the form:

A=UxXZxV', (2)
whereX = diag{ A; } is a diagonal matrix with non-negative singulaluea;. Columns oV
and U are known as singular vectors and define orthoabdmasis for the generator and
integral map spaces, respectively. Since the simgedctors are unit vectors, each singular
value A; acts as a scaling factor for generasaslong the corresponding basis vector (i-th
column ofV) [5].

Typically, the singular valuek; are sorted into a non-increasing series. If wittreasing
index i, A; approach small valugthe inverse problem t¢l) is ill-posed. In such cases there
exists a critical indek such that the contribution of basis vectors witticesi > | to the right
hand side of1) is negligible (or is in the range of noise) [4]eWill call the subspace of the
3m-dimensional generator space spanned by the oslofiv with indicesi > | bad space(or
numerical null spacg. Analogically, we will call its complement in tlgeenerator space (the
span of columns of with indicesi <=1) thesignal space

Since bothU andV are orthonormal matrices, their inverses can be@uiently computed
through transposition™ = U'; V' = V. Hence,

At=vxzixU, (3)

wherex = [diag (1/A)].
For small values of, the expressiorl/h; becomes numerically unstable. Therefore, in
practice the matriA is inverted through the so calleédincated SVD, using only singular
vectors with large enough singular values (the ficolumns ofU andV). Then the solution
s’ of the inverse problem dll) is expresseds the linear combination of basis vectors from
signal space, i.e. it lies in the signal spacea $lubstantial portion of the original generator
lied in the bad space, the integral mas would be negligibly small, making the inverse
problem infeasible. We suggested to quantify thgreke of feasibility of finding the inverse
solution for integral maps generated by generatby the anglea betweens ands’ — its
projection in the signal space (Fig. 5):

a =arccos ((s. s)/([s] . |s'])) 4)
where(s . s’)is a dot product of vectors ands’ and |s| , |s’|are the norms of and s’,
respectively.
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Fig.5. Schematic illustration of the relation betéwethe modeled generatsiand the signal
space can be expressed by the awgl8D space [X,y,z] represents the space of original
generator and 2D space [X,y] represents the carnelspg signal space. The solutisnis the
projection ofsto the signal space.

3 Results

We applied SVD to the transfer matx from (1) (with 198 measuring points and 3x168
components of multiple dipole generator) and uselfférent values of the criteriosvdcrit
for theSVD truncation.
Thesvdcrit was defined as:

svdcrit = Ay / Amax (4)

wherelmax - IS the biggest singular value fro(g), A, — is the singular value fulfilling the
condition (4) for certain value ofsvdcrit. By setting the value o$vdcrit we implicitly
determined the numbdr of largest singular values corresponding to thieasis vectors
forming the signal space. The numlbas called the effective rank of the matéxfor the
givensvdcrit.

We computed the angte(Fig.5)for following values ofsvdcrit: 0.1; 0.01; 0.001; 0.0001 and
0.00000001The results are summarized in graphs in Fig.6.
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Fig.6. Computed angle between the vector of modeled difference integealerator and the
signal space of transfer matixfor several values afvdcrit parameter. Top left: angtefor
three modeled sizes of subendocardial anterioonssfrom small (Al) to large transmural
(A3) and one small subepicardial lesion (AE), tigint: anglea for postero-lateral lesions (P),
bottom: angleo. for inferior lesions (I). The value ddvdcrit = 1E-08 represents the full
possible rank of the transfer matrix, i.e. theatitan when the basis vectors corresponding to
all nonzero values df were taken into consideration.

In the best cas®, should be near to zero, so the whole generatobeatescribed within the
signal space, in the worst cagas close to 90 degrees and the projection of #werator
within the signal space is negligible. For suberddial lesions (type 1,2,3) theis very high
even if we chose the full possible rank of basistaes i.e.svdcrit = 1E-08. The projection of
the generator for subendocardial lesion A2 and @obedial lesion AE is shown in Fig.7a
and Fig.7b.
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Fig.7a. Projection of the subendocardial antesidn A2 with large angle to the signal
space. Absolute values of the original referencdtipie dipole model of ischemic lesion
(first graph). Projections of absolute values opalie moment integrals of the original
multiple dipole model to the signal space of treanshatrixA for various values of parameter
svdcrit (other graphs from top to bottom). Axis x denotedeo numbers of the segments in
heart generator; axis y denotes absolute valueshefgiven integral dipole moments
(in mMA.m.ms)

The top graph in Fig.7a depicts the absolute vabhfestegral dipole moments in each
segment of the original difference multiple dipelguivalent generator. The following graphs
(top to bottom) show projections of the generatectors to the signal space of the transfer
matrix A for different values of effective rarlk For subendocardial lesions (represented by
A2) if svdcrit = 0.001,a is very high,e > 65deg. Even i$vdcrit is very small gvdcrit = 1E-
08;1 = 198) it is still not possible to reconstruct threginal generator (Fig. 7a), because the
angle e remained too large > 61deg. On the other hand, the projection of theimai
generator to the signal space for the subepicargisions (represented by AE) with
svdcrit = 0.001 provides satisfactory reconstruction ef dhiginal generator (Fig. 7b), due to
the considerably smaller, a < 45deg (see cases AE, IE, PE in Fig 6).
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Fig.7b. Projection of the subepicardial anteri@ida AE with rather smaller angteto the
signal space. Absolute values of the original exfee multiple dipole model of ischemic
lesion (first graph). Projections of absolute valwé dipole moment integrals of the original
multiple dipole model to the signal space of transhatrixA for various levels of parameter
svdcrit (other graphs from top to bottom). Axis x denotedeo numbers of the segments in
heart generator; axis y denotes absolute valueshefgiven integral dipole moments
(in mA.m.ms).



4 Discussion and Conclusion

The present study investigated properties of thasfer matrixA used for the solution of
forward and inverse problems in electrocardiografling ability to reconstruct the equivalent
multiple dipole model of the heart generator fréma body surface potentials was investigated
for ischemic lesions.

The system of equations represented by (@9.is ill-posed, therefore not all of the
components of the model generat@re equally mapped into the body surface potentials
Using SVD of the transfer matriR, a signal space of the generator can be definbd. T
theoretical analysis showed that the computed paterp are determined mainly by the
portion of the generat@ which lies in the signal space (Fig. 5).

We propose that in order to quantify the effectessn/ reliability of the inverse solution for
a particular type of lesion, the anglebetween a representative reference genesaad the
portion of the generator in the signal spacghould be computed.

The subendocardial ischemic lesions modeled byiphelitipole model of the heart generator
with 168 dipoles could not be inversely reconsedcbecause the vectors representing
modeled lesion generators did not lie in the sigpaice (they were close to the nullspace) of
the transfer matrixA (o >65deg — Fig. 6). Significantly better results sveabtained for
multiple dipole models of subepicardial lesions @ese the vectors representing modeled
lesion generators mapped satisfactorily to theadigpace of the transfer matix(a <45deg

— Fig. 6).

In the present study the attention was focusechersignal space / nullspace of the transfer
matrix A. However, one should keep in mind, that in pragctibe inverse reconstruction of
multiple dipole equivalent heart generator froml tda measurements is also influenced by
other important factors such as individual geomefrgach patient or using limited number of
measuring leads. All these factors are reflectatienspecific transfer matrix.

One of the ways to avoid the ambiguity in inverseonstruction of multiple dipole model of
the cardiac electrical activity is to add some t@msts or apriori information to the required
generator. If we assume that the lesion is veryllsit@g. in the case of small ischemic
lesions), it could be represented by a single edent dipole located in the area of the
specific lesion [9]. Then, for every predefined ifioa of the possible inverse dipole location
we can choose the corresponding columns from #esfier matrix and solve the inverse
problem by SVD of the submatrix of size [n x 3].rmMost cases such submatrix has the rank
of 3 (so it has no null space) and for every positive can get the unique solution of the
overdetermined system of linear equations in thesesef minimum least-squares criterion.
The best representative position of the singlevedent dipole was chosen using the criterion
of minimal rms difference between the original éiince integral map and map generated by
the single dipole.

The theoretical analysis highlighted the importantdhe existence of null space / signal
space in every model described by a linear magjixagon. Before any attempt to analyze
real data, analysis of the properties of the temshatrix A can contribute to better
understanding and evaluation of inverse results.
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